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-ENEE 322: Signals and Systems

2 Continuous-Time Convolution

The input, z(t), and output, y(t), of a continuous-time LTT system are related by the convolution
integral '

ot} = f_o:oa:('r)h(t—f)dr - f_ Zh(r)m(t—'r)dr (8)

where h(t) is the impulse response of the system. Consider a system with impulse@&and

input shown in Fig. 4 and given by

ht) = e*u(l—1t) (9)
z(t) = wu(t) —2u(t—2)+u(t -5). (10)

Substituting these into (8) yields a complicated looking expressi

y(t) = /_o:c[u(t—r)—2u(t—2—'r)+u(t—5—r)]62 1 — 7)dr.

This integration problem can be simplified by considering @tervals for t. Fli @ d shifted
versions of the impulse response are shown in Fig. 5 e nges of t. When Phe curves
only overlap between ¢ — 5 and ¢, see Fig. 5a, so this’li e integrationgimgerval, Furthermore,
z(t) is a constant value from ¢ -5 to ¢t —2 an stant value fro@o , S0 separating

the integral into two terms will greatly simpli rk.
t
y) = [ [u(t—rNgBult® 2 - 1) +uf Qd
t—5
t-2
= f 1)e*"dr™+
1= )
y(t )
Whent>1>1¢¢2 <t<3) the
h(r), see Fl& fore, the up
1
y(t) f e¥dr
t—2
2(t— 5)] % [62 N e2(t—2)]
—29_4 R

(12)

e of z(t — 7) has shifted out beyond the end of
e integration becomes the end of h(7).

+
0] 2t L 2 ,
e L 1 ets (13)
When t —5 < . 3 <t < 6), the leading section (¢ — 7) has shifted out beyond the end
of h(7) mtegra,l is zero and the upper limit on the first integral is the end of h(7),
see F1g
1 1
y(t) = / ~gdr = 5 [e20) — €] 3<t<6 (14)
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When ¢t — 5 > 1 (i.e. t > 6), the curves no longer overlap and

gty = 0. t>6 (15)
Putting (12) through (15) together yields the final answer,
( [L—2e4+ e19] 2t t < 1 &
—2et+e e +1e® 1 <t <3
y(t) = [ ] ’ (16)
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%[62(1‘5) —62] a < 1 GQ
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\

We can use unit step functions to rewrite (16) as
y@t) = 1 [1 — 2+ e_m] e*u(l—t) + (% [—26_4 + e'w] e +1e”) [u(d—1t) — u&
+5 [e279) — €] [u(6 — t) — u(3 — 1)]
- (% [1 wie™d e_w] e* -1 [—23'4 +e s 82) u(l —t) .
i+ (% [—-23_4 + e‘m] e +1¢é —%— ) u(3 —t)

3 [eztt_a - eg] u(6 — 1)

+

yt)y = 3 (em - 62) u(l —t) + (—e* eg) u(3 — t)or 3 32) u(6 — t) (17)
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Figure 4: Input signal and system impulse response.
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Figure 6: Continuous-time convolution example.
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